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ABSTRACT

This work concerns a new kind of neural structure that involves a multidimensional adaptive activation function. The

proposed architecture, based on multi-dimensional cubic spline, allows to collect information from the previous

network layer in aggregate form. In other words the number of network connections (structural complexity) can be

very low respect to the problem complexity. This fact, as experimentally demonstrated in the paper, improve the
network generalization capabilities and speed up the convergence of the learning process. A specific learning
algorithm is derived and experimental results, demonstrate the effectiveness of the proposed architecture.

I. INTRODUCTION

In traditional multilayer feed-forward neural networks each neuron computes the weighted sum of its inputs and applies to
this sum a non-liner function called activation functions. Such functions are univariate, in other words, they represent a
relation between a single input, the weighted sum, and a single output, the neuron response. Structures with multiple
layers guarantee approximation capability of complex functions of several inputs.

Recently a new interest in adaptive activation functions has arisen. The simplest solution we can imagine consists in

involving gaina and slopd of the sigmoida(l- €)/(1+ €™) in the learning process [1]. A different approach is based

on the use of polynomial functions [2], which allows to reduce the size of the network and, in particular, the connection
complexity; in fact, the digital implementation of the activation function through a LUT (look-up-table) keeps the overall
complexity under control. This solution implies some drawbacks, principally with the adaptation of the coefficients in the
learning phase, due to spurious minima and maxima. In addition, a polynomial function is a non-bounded function and
the resulting approximation is generally poorly smooth. Later adaptive spline activation function was introduced [3].
With this approach each neuron is characterized by a different activation function whose shape can be modified through
some control points. Further works [4][5] demonstrated that such neuron architecture can improve approximation and
generalization abilities of the entire network.

The main idea of this work is to design a new kind of neural structure that involves more complex neurons. Specifically
we introduce multivariate activation functions, in other terms the neuron response is the result of combination of several
values, obtained as weighted sum of the layer inputs. Bivariate activation functions are studied in detail. Referring to
Vitushkin’s theorem [6], the new network structure can approximate any functions of two variables and of course it can
better represent functions of several variables. The major advantage in this approach in given by the possibility to
implement these activation functions using cubic spline interpolation of control points.

Il. REGULARIZATION THEORY AND M ULTIDIMENSIONAL APPROXIMATION

The problem of learning a smooth mapping from examples is ill-posed in the sense that information in the data is generally
not sufficient to reconstruct uniquely the mapping in regions where data are not available. Moreover, the present of noise
in examples can lead to discover spurious structure in the data. Regularization technigues impose smoothness constraints
on the approximating set of functinexcluding high-frequency components. This allows increasing the generalization
capability in approximation type problems.

Typically, regularization theory follows the classical technique introduced by Tikhonov [7][8]. This technique consists in
introducing an additional smoothness functioppf |, calledstabilizerinto the cost functiond[ f] to be minimized:

E[1]=3 (6 1)) A0l 1] @
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In the above expressioA,is a positive number usually named thgularization parameteand (xn,tn) OR" x R with

1<n< N, areN, pairs of training data obtained by random sampling a funétibelonging to some function space

defined orR".  The first term enforces the data fitting while the second guarantees an appropriate degree of smoothness.
The high frequency content, measured by first high-pass filtering the function power spectrum, can be used as stabilizer:

F (@)
o[f]= =7 dw )
m
where 1/G(w) is the transfer function of the high-pass fiter aRqw) the Fourier transform of functiof

Minimization of the cost functionaE[ f] leads to a well-known solution given by [9]:

N,
F(x)=> ca(x-x,) @3)
n=1
whereg is the chosen basis function. The coefficientslepend on the data, and can be determined by solvihigg
linear system(G +Al)c =t , where(G),_ =g(x, —x,) is the Green's matrix(c) =, is the column vector of the

mn
coefficients anc(t)n =t, is the column vector of the targets. In real application, where the number of exdgiples
usually large, the problem related to the inversion of the n(z@rix)\l ) results very difficult to solve. To avoid massive

calculations we should think a network implementation of equation (3), using adaptive techniques to find the coefficients.
As regard the choice of basis function, it depends on the class of stabilizers adopted. It is possible to derive more general
approximation schemes in the same framework considering a tensor product of basis functions or an additive scheme. In
particular, we should consider the functias superposition of one-dimensional functions, one for each component of the
input vectorx, so that the effects of the different input variables can be examined separately [9]. We want here extend this

solution considering a decomposition the functiaa sum ofN = /M g M-dimensional functions, each in chargévbf

components of the vector (GG is the ceiling operator). We mean an approximation of the form:

f(X):Z)fi (CTPIS SR P (4)

Since reminder of divisioh.,/M can be non zero, some inputs for the last function are arbitrarily fixed.
The simplest way to obtain this kind of approximation scheme is to choose a stabilizer such that it results:

N-1
90)= > 1 9(Kugers Hrgozsos ¥ ) 5)
=0

where i, are fixed parameters arg( Xy Xoreens Ky ) are an M-dimensional basis function. Substituting (5) in (3) we get
to the final expression of the approximation function:

f (X): Z;C"-Z_Ong((mqﬂ_ )S;Muﬂ)v---!()& g+M — XXMM )) (6)

The symbolx ., represents thlj +k componentI<k < M) of then-th sample data.

As frequently occurs in practical applications, some of the input variables can be more relevant respect to others. It can
therefore be appropriate to consider a change in the system of coordinates for the input space introducing a linear
transformation. Callingv, ;, 1sk<M and0< j <N -1 the vectors which determine the axis of the new system for

k-th input variable of-th function andx,,, ; the new centers in such a system, we obtain:

N-1  Ne
f(x)=5 1 ZCng(ijx—an;Lj,....,WM X0y ;) )
IE e

Defining the basis function for the new system of coordinates as:

N,
W, (wlij,..,wM ; x) =56 g(wlij—orn v Wy X0y ) (8)
n=1
we can rewrite the expression (7) as:
N-1
f(x)= > Hy, (lej X, oo Wy x) 9)
i=0
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I1l. NEURAL NETWORKS WITH MULTI -DIMENSIONAL NEURONS

The approximation scheme derived from the regularization theory can be revised into the neural network contest. The
aim of this process is to exploit the neural network optimization techniques to estimate the papaaretetse basis
functions¥. A multi-layer perceptron is a feed-forward neural network, consisting of a given number of units called
neurons, which are connected by weighted links. These units are arranged in multiple layers, namely an input layer, one
or more hidden layers and an output layer; in ®talers. The overall network function that maps the input vector onto

the output vector is established by the network connection weights. Eachjriautenlayer of the network is a simple

processing unit whose outp'srtcomputed by passing the net input through a non-linear activation funxéttc(rx) :

y(')—tb(')(ne')) ‘D(')Dz Vf{) 'l)D (10)

A generalization of this structure in now mtroduced, using more general multi-dimensional activation functions. Let
®P (%, %,,....%, ) generic functions dfl variables, we define multiple net inputs (see Figure 1):

NG

nefy =% i ¥ =wiy! ™ (11)
1=0

such that the activation of neurjan the IayerI is computed as:
NG O
O =" N ef = ) ) =" (WOy(-D O -y
yi' =, (nel, » N G)J) ) DZ WY ZO Wy Y B‘q? (any WY ) (12)

If we now consider a two-layer structure with linear output activation functions, the network functions are:

M2 N N

0 NG
fi(x)= Z%ZW‘W“ZDZ% VLR (Wi )= 5 409 O (wy x) - (03)
i=

Equation (13) has the same form than expression (9). Using this network representation, we can find the solution of any
function approximation problem in the regularization framework without necessarily invert the (Gatrikl ) . It's

sufficient to apply standard network learning techniques to find appropriate parameters of approximation scheme. In
particular we can consider activation functioh (.) as basis functiong, (.).

IV. CuBIC SPLINE BASED ADAPTIVE ACTIVATION FUNCTION

The network implementation of equation (9) requires the definition of M-dimensional basis fugction®ur idea

consists in realizing these functions as hyper-surface interpolation of some control points using higher order interpolants.
In particular piecewise cubic splines are here employed in order to render the hyper-surface continuous in its first partial

derivatives. The entire approximation is represented through the concatenation of local fmp(iom;tz,.., Uy ) , each
related to centea,, ;,(1<k <M ) and controlled by "4 control points. For example, a 1D basis functiprjt( q) is
specified over the interval™ < u, < U™™ as the weighted average of the four pol@fs™,Q/™, Q"™, Q"2 which
are equally spaced along the axis. Without loss of generality, the origin can be translated to theyidinand the
interval scaled such that varies over the rangé<u, <1. In 2D, basis functions, (u,u,) are defined over the

region 0<u,,u, <1, as the weighted average of the sixteen p({i@]@ﬁ%-l,nﬁ sz—n)} , Which lie on a
5=(0,1,2,3),5=(0,1,2,3)

regular 2D grid inR?.  Indicesn, are related to thieth coordinate of centexs, ;- The general expression is given by:

h (W, 4,) = ZZ Z%u ity (14)

5=0 =0
where p, . ., are coefficients dependlng on control points ofthebasis function.
Synthetic formulation for 1D and 2D domain can be done by mean of matrix representation [10]:

hn;i(l'ﬁ):Tl[M KD(JrEi] hn;i(l'h’uz):-rzm/l EQTIWI Q (jn[)Z])T (15)

where: T, =HE Ui u  1F with O<u, <1, Ok :I< k< M andQ'R,, is aM-dim structure that collect the local
control points of thg-th basis function:
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Figure 1. Architecture of a neural network  Figure 2. Examples of cubic spline interpolation of control points
with multi dimensional neurons. in 1D and 2D.
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Figure 2 shows interpolation of control points in 1D and 2D.  The mitribdetermines the characteristic of the
interpolant hyper-surface. The spline matrix impose the hyper-surface to pass through the control points; using a B-spline
matrix the interpolant surface is constrained to lie withircdmwex hulrelated to the control points instead.

F1 3 -3 10 +1 3 -3 1O
M =1 EZ S 4 - 1% (Spline); M=l 53 -6 3 dﬂ (B-Spline) (17)
201 0 1 o0 633 0 3

o 2 0 o B4 1 o

Referring to the network structure illustrated in Figure 1, we derive an algorithm to compute the activation of each neuron
j during presentation of threth example. Localization of net input vector is performed considering control points in each
direction that are equally spaced and symmetrically disposed respect to the axis origin, &mtl N, the fixed step
between points and the number of points along-thedimension respectively, we have:
a iz <1
net, N -2 _ : O L
z :E+T, with the constraint: 7z, =07, ifl< z,< N-3 (18)
N, -3 ifz, > N-3

The constraint imposed is necessary to keep the net input within the active volume that encloses the control points. Next
step is to separate indicgs; into integer and fractional part using the floor opergiar

N = HiB Uei = 2~ M (19)
The integer part indicated &g, is used to address local control points of neyiraiile the fractional part, ; is passed
as normalized input to multidimensional cubic spline functipn. After the training withN, examples, activation
function for thej-th neuron can be expressed as a combination of local spline basis functions:
0) 0 e
D} (WX, Wy, ;x) =@ (net; ,...ne} | ):Z oy oy ) (20)
n=1
V. LEARNING ALGORITHM

The backpropagation (BP) algorithm is a well-known method to tune the weights such that the network performs a
specific mapping of the input vector onto a desired output vector. An extension of the classical BP algorithm for multi-
dimensional spline networks is now derived. Bgirte learning step, the weights in the network are updated along a
search direction opposite of the cost function gradient:

W [p+1] = Wil g +awil b= il ]p—na\?v—(E.,E o= W 1p+nd!) YP1p (21)

K, ji

0-7695-0619-4/00/$10.00 (C) 2000 IEEE



(l)(xl’ ')ﬂvl(l))

5 =eh TR (22)
(Xizne va’é: ”eg,f ~~~~~ L0 ”#)a )i )
X, -y =S
e = oo 23
O o] 151 @
k=1 Onr=1 O
with 1< j<N® 0<i<N(™® and Ik <M (). In particular, for multidimensional spline neurons have:
0 0
50 (|) w(l)(Xl, ')ﬂvl(l)) :q') p [p ';}(L{,..ylﬁ“)| 01 (24)
! 0X, ;u oy | Hax)
I T
wheree! is defined as in expression (23).
ohf? (u, W) _ o Y\ ohi) (4, % oy |
S (T ™ o, m Q) ) : ']a(u )=(T ™M T, ™ Q) ) (25)
1 2

where T, =Fu; 2u, 1 (5.

Control points of spline activation functionh#’i are also updated at each step using the adaptation rule:

ISR ei\Op 4 O o (U ) B af
Qrratnratty) ()[|0+1] =(Qurrne ) ()[ A+ ¢ D—m s Oy OL p (26)
( ) ( ) HQ ZH?Q H H

with s =(0,1,2,3),s = (0,1,2,3),.... The number of points that we have to adjugt’i& .

VI. EXPERIMENTAL RESULTS - CONCLUSIONS

Several experiments have been performed in order to compare the classical sigmoid and the mono-dimensional spline
based activation function with the proposed multidimensional neuron. Two principal aspects were taken into account: the
generalization capability and the control of the number of free parameters. While in a sigmoidal network all the
parameters are updated at every step of the learning algorithm, using spline neurons only a subset of them results
modified.  As adaptation is made on a fixed number of the control points for each input sample, the number of control
points can be initially chosen arbitrarily. The results of simulations on two-dimensional functions are reported in Table 1
and Table 2. The first function is:

f (X, y) =sin(2Tx)+ 4(y- 0.5} 27)
while the second is the Gabor function defined as:
f(x,y)=€*" cod 0.7% &+ y) (28)

First columns indicate the different types of tested netwdiks:stands for a classical MLP withhidden units, while

S1 xandS2_xare respectively one-dimensional and two-dimensional spline networkg kitllden neurons. Second
columns contain the number of parameters updated at every learnirfiy)stephe tests were performed stopping the
training when -20dB, -22dB or -24dB error levels were reached during the learning phase. The learning set was composed
by 50 samples lying in the square [-1x#]]1,+1], obtained by a uniform probability density with zero mean and 0.1
variance gaussian noise added to the desired outputs. The criteria for the computation of generalization error mean,

expressed in dB, and variance (<g.e.> arjd) is based on the initialization of twenty networks: if at least half of this
group reached the threshold for training stop, <g.e.>agndwas calculated averaging on the best 10 networks over an

equally spaced grid of 441 points in [-1%1J1,+1], otherwise no values were reported in the corresponding columns. It
was also considered the situation after 1000 learning cycles.

In order to evaluate the generalization capability, another experiment was been carried out with the classical “two-spirals”
problem [11]. Itis an extremely hard two-class problem for plain MLP’s. The task is to train on the 194 1/O pairs until
the learning system can produce the correct output for all of the inputs and then calculate the response for different
inputs. Result of tests performed on 10200 equally spaced points inf1#11] is illustrated in Figure 3. Clearly the
proposed architecture outperform the other network structure as regard regularization capability.
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NET N |-20dB -22dB -24dB 1000 cycles
<le> | <ge> ng.e. <le> | <g.e> ng.e. <le> | <g.e> ng.e. <g.e.> ng.e.
N_8 33338 -10.90] 1.58x10 [532 | -11.51] 1.39x10 |- - - -11.64 | 1.26x18
N_10 41 | 217 -10.60] 2.98x10 | 281 -10.76| 4.32xI0 [515 | -10.52| 5.31xI® [-12.32 | 9.22x18
N 15 |61 ]111 -10.88] 2.31x10 [175 | -11.82] 1.31xI® | 381 | -12.26] 9.98xI0 [-13.21 | 4.76x18
S1.2 17 | 188 -15.12] 2.65x10 |- - - - - - -15.68 | 3.46x10
S1 4 33|66 -14.79] 9.07x10 [221 [ -15.98] 1.79x1D |- - - -16.22 | 1.17x10
S2 1 24 | 47 -16.82| 1.87x10 | 176 -17.22] 1.66xI0 [ 294 | -18.24| 1.28xIH [-20.32 | 1.88x18
S2 2 60 | 26 -15.32] 2.42x1b |79 -17.12| 3.78x10 [123 | -16.35| 1.06xI0 |-19.89 | 1.24x18

Table 1. Simulation results for fitting function (27).

NET N -20dB -22dB -24dB 1000 cycles
<le> | <g.e> ng.e. <le> | <g.e> ng.e. <le> | <g.e> ng.e. <g.e.> ng.e.

N11 |45 |63 -14.02] 2.60x1D [599 | -17.34| 5.45x1D |- - - -17.80 | 6.09x18

N 15 61 |48 -13.31] 4.15x1b 414 -17.53] 4.60x10 | - - - -16.90 | 3.47x10

S1 4 33 [66 -17.85] 7.94x10 [270 | -19.68] 2.09x1D |- - - -13.94 | 1.26x10
S2 1 24 |47 -16.85] 1.23x10 | 264 20.11| 1.89xI0 [ 478 | -17.23| 1.56xId [-16.23 | 2.75x18
S22 60 |63 -18.34] 3.45xT0 [115 [-21.36] 7.18x10 [310 | -20.19] 2.98x10 |-17.84 | 3.45x10

Table 2. Simulation results for fitting function (28).

Figure 3. Two-spiral experiment results. a) Training data set (194 samples). b)-e) Resultant mapping for 10200
samples equally spaced[ib,+1]x [-1,+1] b) N_5-5-5(3 hidden layers), 31 _8d)S2_2and e)S2_4
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