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ABSTRACT branches were not allowed. General recurrent networks able to
process temporal sequences cannot be trained by the proposed
In this paper, we derive a new general method for both on-lineagjsint formulas.
off-line backward gradient computation of a system output, or cost . - .
function, with regpect to sysriem paramet()e/rs, using a CiéJ@_lated work is also the one b_y Martinelli and Perfetti [5] _tha_t
theoretic approach. The system can be any causal, in generafPBJ{S an adjoint transformation to an analog real circuit
linear and time-variant, dynamic system represented by a Sigiigmenting a Multi-Layer-Perceptron (MLP). Since this work is
Flow Graph, in particular any feedforward, time delay or recurfBafé related to hardware and the network considered is
neural network. The gradient is obtained in a straightforward {gg¢giforward and static, it is less general and can be considered a
by the analysis of two numerical circuits, the original one andfdicular case of the method presented here.
adjoint (obtained from the first by simple transformations) withg}#.line training of adaptive systems is very important in real
the complex chain rule expansions of derivatives usually employggjications such as Digital Signal Processing, system
identification and control, channel equalization and predistortion,
1. INTRODUCTION since it allows the model to follow time-varying features of the real
] ) ] system [2,3]. By on-line learning in contrast to batch learning this
In this paper, making use of the Signal Flow Graph (SkGprovided with no interruption of the operation of the system
representation theory and its known properties [4], we deriv@w (such as a communication channel).
general methodor both on-line and off-linebackward gradient
computation of a system output or cost function with respect 8 SIGNAL FLOW GRAPHS DEFINITION
system parameters. The obtained gradient information can be used
both for parameter sensitivity computation of systems and for AND NOTATION
training of adaptive systems. The system can be any causgl,
ﬁj@

in . . . . .
general non-linear and time-variant, dynamical system represent S Sectl(_)n we qlve a brief presentatlpn of signal flow graphs
by a SFG, in particular any feedforward (static), time dela 40 ,7] following Lee's approach and notation, refer to [4] for more

recurrent neural networks [2,3,9]. In this work we use discrete g.ils. The relationship between the initial and final variables for
notation, but the same theory holds for the continuous time &4gachj is v; = f, [Xj ] By definition, for eachn-node, the value
The gradient is obtained by the analysis of two SFGs, the originghe x variables associated with its outcoming branches is the
one and its adjoint, without the complex chain rule expansionsyffmation of all variables associated with its incoming branches.
derivatives usually employed [2,3,9]. This method can be usedi@isqhe SFG consist gb+m+r nodes n input nodes output

for off-line learning. In this case, our approach is equivalent topffiges, anp n-nodes), and+m+ branchesrf input branchest
method by Wan and Beaufays [8] that is not suited for on-§0fut branches, amf-branches).

training of recurrent networks or systems with feedback.

A reversed SFGG, of a SFGG is obtained by reversing the

_The derivation here proposed _(not reported (_:iu_e to space Ilmltatlcrllrge)ntation of all the branches & this means replacing summing
is more general than the one in [8] and explicitly designed to

. - i : tions with branching points and viceversa. The functional
on-line training of adaptive systems. While we use for the pr 1Sionshins bet th iab d x. in G and bet
theorem similar to Tellegen’s theorem, proved in [4], the prooﬂ%? |ons: 'PS € vyeen € varla_le‘;s and X in % and between

Wan and Beaufays is based on the interreciprocity propertykofndV, in G, is usually considered to be the same (transposed
transposed graphs [8], that is a consequence of the theorem ugeaping). On the contrary, at this point, we do not specify the branch
us. Moreover our formulation allows to deal both with thgerators but we are only interested in the connection topology. Let
sensitivity calculation problem, i.e. computing the derivatives ofthe¥, , X, andV,, be the variables associated with the branches in

system output with respect to parameters, and the learning prc@e'ﬁorresponding tal, Y, % and v, in G. In G, the input
’ ’ . r

while [8] addressed just the second one. " ~ .
(8] ] variables are §, k=1...,r, the output variables are

This work also generalizes a previous one by OSC_)WSK' [7] that =1,...m; ¥, andX, are the initial and the final variable of
proposed a SFG approach to neural networks learning. That work .

was basically for feedforward networks and the extensioringj-Pranchk. Let the numbers assigned to the brancheS,obe
recurrent networks proposed is valid only for networks that reld@ssame as the numbers assigned to the corresponding branches of
to a fixed point, as also in the work by Aimeida [1]; moreover dékayThe following theorem, similar to Tellegen's theorem in analog
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network theory, is derived in [4]. It depends only on the topologitaé derivative of an outputy() of the system with respect to a

properties of reversed graphs and not on the specific functi (t— h L .
relationships between the branch variables. Wgﬂmetew (t=1). by the first equation in (3.3) is

Theorem: Let's consider a causal dynamical system.Gdte the  dy, (t) _ oy (1) ov(t-T1) _ oy, (1) % (t=1)
corresponding signal flow graph ar8, a reversed signal ﬂowawi(t_r) N, (t—T) dw (t—-T1) oV, (t-T) ‘

graph. If G, ¥,,X,,V, are the variables i5, corresponding to (3.4)
Uy, Y Xs Vi in G, respectively, then more in general by (3.1):

o S T < - Y () _ () M(t-T) _
iZlyi(t)Dyi(t)inz:l % (9% (9 zl Y9 w( )+; y( IO V() da(t-1)  ov(t-1)da (t-1)
2.1)

__ M0 % L MO

where “*” denote the convolution operator. - N (t-T) da, - N (t-T) da,

Fx (t-1),04 (t-1),t-1
3. SENSITIVITY COMPUTATION Thus we need to comput@y, (t)/dv,(t—1), which is the

A general method to compute the derivative of an output ofeevative of an output variable with respect to a signal in the
dynamical continuous time system represented by a signal $kskem, precisely the signal getting out fronj fheanchi at time
graph with respect to@nstantparametera is derived in [4]. For(t — 7). LetG be the graph of the system a@dthe adjoint graph

a discrete time system, an analogous result can Wredfdn a o \ye are going to define to compute these derivativesd G
similar way. However such method has two drawbacks for our ) . A
purposes; the first is that it is directly applicable only in off-Ii{ave the same topology but the orientation of each bran@h i
mode, and the second is that the mathematical meaning ofeuessed from that o6, i.e. G is a reversed graph @. The
variables of the adjoint graph is not directly related to derivativeltions associated with tfiéranches irG are properly chosen to
Here, we derivea new methodo calculate, both on-line and offallow a derivation, not reported here, and are shoviiain 1.

line, the derivatives of a system output with respect to past_(or . n

present) parameters of the system. In this way, both the abdfe®ach delay operator branch in the original SFG the

problems are solved and adaptive systems with time va,gm@esponding branch of the adjoint SFG is to be considered a delay
parameters can be considered. ranch (with zero initial condition). The non-linearity without

) ) ) parameter$ in the original SFG corresponds to a gain equal to the
In the case of discrete time systems, and according to the noiifative off; computed at the initial variable of the branch at time
introduced in Section 2, the functional relationship betweentiigh the adjoint SFG, whetteis the time of the original SFG and
variablesx; andv; of thef-branchj can be written in this way  of the adjoint SFG. The weight at tirhis substituted by the weight
) at time t1 in the adjoint SFG. A similar transformation should be
vi(t)=g;(x (9,a;(1),t) static branch (3.1)  performed for the general non-linearity with control parameters, as
in Tab. 1.

The output of the original SFG is the input of the adjoint SFG. To

h 1is the del . | diff bl et the proper sensitivities the adjoint SFG must be feeded by an
whereq™ is the delay operator and; is a general differentiablg.,, ;ise " signal in correspondence with the output of which

function, depending on the adaptable parameter (or vectarowiputing the sensitivity and by a constant null signal in all other
parametersy; . outputs, sedab. 1.

) . ) For an example of adjoint SFG construction for a simple MLP with
For a static branch the relationship between and v; can be |xfinjte Impulse Response (IIR) filter synapses [2,3]Riee 1.
particularized as

V() =g7'x () = x (t=1)  delay branch (3.2)

In order to compute the gradient using the adjoint graph let
Vi) =w ()x () or v()= f(x(D) (3.3) 0;,9,,% andV; be the variables associated with the branches in

G corresponding tau;, Y, , X andv; in G; it follows by the

herew. (t) is thej-th t f th t tti df i
where J( ) s thej-th parameter of the system at tinan i S theorem (the proof is not reported here, due to space limitation):

a differentiable function. In neural networks contebft can be a

sigmoidal activation function. More in general (3.1) can represent‘%[k(t) =¢.(1) (3.5)
non-linear adaptable function controlled by a parameter (or vecgi(t—7) '

a., such as a spline. All these basic components can be

i ! . .
interconnected in a general way (with feedback allowed) to proHa'gg this resultin (3.4) we get

a complex SFG, describing a complex system, just as electrorggk(t)

devices are connected by a circuit to implement a system. m =V (T)x(t—1) (3.6)
i
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This result state that the derivative of an output variable of a SFGe the length of the summation increases linearly withr on-
with respect to one of its parametens(t— ) is the product ofline learning, in order to apply the algorithm, the summation in
the initial variable of the-th branch in the original SFG at tim(ém) must be truncated, that is

(t—1)and the initial variable of théth branch in the adjoint t a 4

graph, atT time units. This result can be easily generalized for & = —U STH) ————
non-linear parametric function: 11 W (T) & o (t-1)

(4.5)

. (1) X, whereh is a fixed positive integer. In this way not the all history of
— = (1) = (t-T) (3.7) the system is considered, but only the most recent part in the
da;(t-1) aa, interval f-h+1t]. In fact it is easy to show that a real truncation is
necessary only for circuits with feedback, e.g. recurrent neural

4. NON-LINEAR DYNAMICAL SYSTEMS networks whereas for feedforward networks with delays (e.g. Time

LEARNING Delay Neural Networks or TDNNS) a finitecan be chosen so that
all the memory of the system is taken into account. For a perfect
Let's consider a discrete time non-linear dynamical system \§Vet:$ction ofh, it should be dependent on which parameter is
. . . Considered; for layered TDNN should depend on the layer and
inputs U, i =1..m, outputs y; i=1.r, and parametersv, chosen higher for layers closer to the input one, since more memory
anda;, which have to be adapted with respect to an output erroiis involved in computing the gradient with respect to first layers
parameters. The above updating law (4.5) holds theoretically in the
hypothesis of constant weights but practically it is a good
r approximation. Equations (3.6) and (3.7) instead does not require
e’(t) = Zelf 1) , ed(t)=d.(t)-y. ) (4.1) that hypothesis, and can be used in a more general context.

The instantaneous global squared error at tilmaefined as

The method derived in Section 3 can be used to on-line calculate
whered, (t) k=1,...,r are the desired outputs. So the gIoH&? gradient of a cost function with respect to the parameters

squared error over a time inter\d}, t,] is =
—=Zvi(r)>q(t—r) (4.6)
4 le 7=
E(t,, t) =Y €(t :
(t,4) Z (9 4.2) that can be easily generalized

=1

In the case of non-adaptive (or batch) training, we can choos@_Jas_ h_lv (1) ﬂ (t-1) 4.7)

cost function, for example the global squared error over thegail - ; i aa, '

learning epochE(0, T), whereT is the final time of the epoch.

Whereas if we want on-line training, we can choose to consl}@e?ppltyfthist_formU"?ts Wet neted :jotﬁo?_sidfer thed SbF?hWhiCh yietl_ds
2 . the cost function as its output and that is forme e connection

only the most recent errorse”(t), for example YS9t the non-linear adaptivepsystem and a secondySFG (the error

E(t= N +1,1) as cost function, whetés the current time step. calculation SFG) which has the outpugs and the targetsl, of
The choice of the MSE as cost function is arbitrary for the $P&first SFG as inputs anidas output, se€ig. 2. Obviously the

method and any cost function that can be represented by aS5iGsof the cost can contain the same operators as the system SFG,
with y, andd, as inputs and the cost as outpam be considered, ase. delays, non-linearities, parameters to be adapted (e.g. for

explained in the following. regularization purpose), feedback. In some applications the cost
L . . i . _function needed can be very complex but still, by the SFG
Considering gradient based learning algorithms with the vari esentation its use is feasible.
of the weights calculated by the steepest-descent method, the
parameters updating rule is In order to calculate the gradient, the adjoint of the overall system
2 should be considered, but it can be shown that it can be calculated
Aw, :_“W . u >0 (4.3) ?L?r?(ftlig?]!.ng the adjoint SFG only, for simple MSE based cost

. . . . Applying this method in a non adaptive context, the parameter
WhereJ is a cost function angll is the learning rate. The proble(), iations computed by the summation of all gradient terms T [0,
is the calculation of the derivativd)/dw . Since the parameterare the same of those reported in [8] (BPTT method).

can change at each time instant: This work extends previous results in different fields and in

a3 Coa t A particular provides a nice analogy with the sensitivity analysis for
= = = (4.4) analog networks by the “adjoint network” obtained applying
oW, Sow(r) Lo (t-1) Tellegen’s theorem that relates voltages and currents of an analog

) ) network. In that case the “adjoint network” method allows to

By the Backward Computation (BC) SFG technique we mg¥pute sensitivity of a circuit output with respect to all the

calculatedd/ow (t—T). component values solving only one circuit, i.e. the adjoint circuit,
[10].
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Fig. 1.(a) SFG of a simple lIIR-MLP ; (b) its adjoint. o )
Tab. 1. Adjoint SFG transformations
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